I. INTRODUCTION.
This article surveys recent results on Walsh series. To avoid duplication of material appearing in Balaov and Rubintein [1970] , a decision was made to concentrate on the decade 1971-1981. References to earlier work will be made when necessary to relate what is herein reported to that which preceeded it. Discussion of the relationships between this material and the general theory of orthogonal series has been left to those more qualified for this task (e.g., Ul'janov [1972] , Olevskii [1975] and Bokarev [1978b] is a positive integer with n > n 2 >...> n > 0 then Wk(X) r n (x)...r n (x). y The idea of using products of Rademacher functions to define the Walsh system originated with Paley [1932] . Thus the system {w k} as defined above is called the WalshPaley svstem. It is interesting to note that this process of putting factors together to make an orthonormal system only produces "Walsh-like" functions. Indeed,
Waterman 969], [1982] proved that if 0' @I is a system of real functions on [0,I] [0,I] . Let L represent the collection of measurable functions whose essential supremum is finite on the interval [0,I] , and let represent the collection of functions continuous on the interval [0,I] . It is well known that the Walsh functions form a complete orthonormal system in L2.
It is clear that the Walsh functions alternate between +I and -I on the interval [0,I] and it is not difficult to see that the 2nth partial sums of the Dirichlet kernel D .=owk are always non-negative. These properties penetrate deeply into the very essence of the Walsh system. Indeed, Levizov [1980] has shown that any orthonormal system whose functions fn have exactly n sign changes on [0,I] , have range {+I, -I}, and satisfy fn(O) O, for n O, I, is the Walsh system. And, Price [1961] proved that among the orthonormal systems whose functions fn alternate signs on finer and finer partitions of [0,I] , as n / , the Walsh system is the only one whose Dirichlet kernel has non-negative 2nth partial sums. Thus these two features distinguish the study of Walsh series from that of other orthonormal systems.
Another distinguishing feature is that the Walsh functions can be identified with the characters of a certain compact group, 2m. This group, called the dyadic r _, is the cartesian product of countably many copies of the discrete group {0,I} endowed with the product topology. Thus a typical element of the dyadic group is a sequence (x I, x2,...) with each xj 0 or I, j >_ I. The map (x I, x2...) Z xj2 -j j:l identifies the dyadic group with the interval [0,I] [O,l] . It also allows one to pull the dyadic group structure back to the interval [O,l] and it is well known (see Garsia [1973] Iof(
Details and references can be found in Garsia [1973] . As in the classical case, dyadic H can be characterized by atomic decompositions (see Chao [1982b] ) and dyadic BMO enjoys the Carleson decomposition (see Chao [1982a] [1980] proves that given f in classical H l, its translates belong to dyadic H for a.e.x.
Vilenkin [1947] Taibleson [1975] .
For H p spaces in this setting see Chao [1975 Chao [ ] [1982b and Chao, Gilbert and Tomas [1981] . For an analogue of the F and M Riesz theorem, see Chao and Taibleson [1979] .
During the course of our narrative we shall have occasion to cite certain re- to physical problems. We suggest Maqusi [1981] and Harmuth [1972] for general references. Concerning sampling theorems see Butzer and Splettstsser [1978] , [1980] , and Splettst6sser [1979] .
II. WALSH-FOURIER SERIES
I. Pointwise convergence. Billard [1967] showed that the Walsh- [1970] . A different approach to a.e.
convergence of Walsh-Fourier series has been given by Gosselin [1979] . He avoids the tedious estimates necessary to show that Mf is of type (2,2) by using Fefferman's L 2 method of breaking the partial sum operator into simpler pieces.
The best positive result of a.e. convergence of Walsh-Fourier series (and Fourier series as well) belongs to Sjlin [1969] [1975] to physical problems. We suggest Maqusi [1981] and Harmuth [1972] for general references. Concerning sampling theorems see Butzer and Splettstsser [1978] , [1980] , and Splettst6sser [1979] .
The best positive result of a.e. convergence of Walsh-Fourier series (and Fourier series as well) belongs to Sjlin [1969] [1975] For the case when G is the dyadic group, Gundy and Wheeden [1974] proved that under the A condition, < p < , the weighted L p norms of f and of its square func-P tion S(f) are equivalent. Thus they extended the pioneering work of Hirschman [1955] who considered weights of the form re(x) Ixl , for -l < < p-l. Concerning rearrangements of multiple Walsh-Fourier series, Kemhadze [1975] proved that given f E LP(G), p > l, the multiple Walsh-Fourier series of f can be rearranged so that its spherical partial sums converge to f a.e.
2. Sets of divergence. Lukaenko [1978] [1977] .
For the trigonometric case, Kahane (2m) were identified by Simon [1973] . His work is valid on any Vilenkin group G, and his sets of divergence have uncountable intersection with each subgroup G n. Onneweer [1979a] proved that every set E of logarithmic Hausdorff measure zero is a set of (bounded) divergence for (2m). Harris and the author [1978] [1978] (ZIakl)2 <_ (..k-)(Zka k ). Tandori [1966] was first to obtain negative answers to this question" no if re(k) o(_loglogk). Nakata [1972] , [1974] , [1979] and Bokarev [1978a] have obtained increasingly stronger negative answers. In particular, Nakata [1979] proved that given re(k) which satisfies Z(I/(km(k))) < , there exists a se- [1970] , and Harmuth [1972] Gosselin and Young [1975] . 4. Convergence in norm. Paley [1932] proved that if f E L p, < p < , then
Wn[f] f in L p norm, as n-=. Watari [1958] Simon [1979] .
Simon [1978a] has introduced an analogue M of the Hardy-Littlewood maximal function (see Stein and Weiss [1971] [1976] and has shown [1978b] Yoneda [1973] weakened the condition "f E Lip, > I/2" to convergence of the
n:l and obtained the Walsh analogue of a theorem of Zygmund" if f is continuous and of bounded variation and if In connection with (5), Bokarev [1978b] Onneweer [1972] generalized Fine's Onneweer [1974] proved that if f belongs to Lip (e, p) * Lip (B, q) for p .
2, q > l, 0 < , B and (e + B) p > on some Vilenkin [1981] showed that the hypothesis "of bounded type" is redundant. Their method rests on a powerful factorization of Lip(, r) as Lip (e-B, r) * Lip ((B-l)/q p) where I/p + I/q and q > I/6. It follows that Lip (, r) Lip ( + I/s I/r, s) holds on any Vilenkin group when 0 < e < , < r < s < and + I/s > I/r. Vilenkin and Rubinstein [1975] (4), (7) and (5), (8) are not exact analogues is that on the dyadic group, k(f) corresponds to m(2-k, f) not re(I/k, f)). McLaughlin [1973] has obtained exact Vilenkin group analogues of (4) and (5) (see 12.) All these results hold for Vilenkin groups of unbounded type as well (see Quek and Yap [1980] , [1981] ).
Combining results of Ladhawala [1976] and Butzer and Wagner [1973] Finally, Rubintein [1978] has shown that given any sequence mn+ O, as n / , and any Vilenkin group G there exist functions fl E LI(G), f2 E L2(G), and f(R)F (G) mn(P)(fp =mn for n >_0 and p l, 2, or .
such that 6. Uniform convergence of Walsh-Fourier series. Onneweer [1970] [1971] [1947] ).
For Vilenkin groups of bounded type, Onneweer and Waterman [1971] proved that if f is continuous and of l-generalized bounded fluctuation (defined in 5 above) then S[f] is uniformly convergent, They strengthened this result in several directions in [1974] . In order to state their results we need additional terminology. Onneweer [1971b] ).
Concerning the size of IWn[f] fl, Tevzadze [1978] announced certain e3Limates in terms of the modulus of continuity and variation of f which contain a group 2 version of the Garsia-Sawyer test. Specifically, he states that if u(n represets the modulus of variation of f then there is an absolute constant C (independent of i) Gulicev [1980] (announced in [1979b] For example, Fine [1955] Sarasenidze [1976] for functions in L(log+L) n-l. Apparently, the n-dimensional version of (13) fails to converge a.e.
to zero for certain f E L (log+log+L)n-I for n 2.
Several authors have considered weaker versions of (1.3). For example, Cybertowicz [1976] showed that if r > 0 and if an_l, k (n-2+r-kr_l / (nl+r)r for k < n and an_l, k 0 for k > n I, then n-I {k=O an'k Iwk [f] f12}I/2 0 a.e. as n for all f -L Sarasenidze [1973] proved that given any positive, 
and given any continuous Yano [1951b] invest!gated the growth of (C, B) sums of Walsh-Fourier series in L p norms. He proved that if < p <_,'0 < < and f E Lip(s, L p) then I I o n(f) fIIkp O(n-), as n . provided B > . Remarkably, Skvorcov [1981a] showed that this estimate holds even for 0 < B < . Moreover, he obtained an order estimate for the limiting case I" converges to f in L p norm. Skvorcov [1982] has generalized these results to Vilenkin Tevzadze [1981] .
Bicadze [1979] has obtained necessary and sufficient conditions for a multiple Walsh series with monotone coefficients in the sense of Hardy to be (C, I) summable to f in L p norm, 0 < p < I.
Finally, Tateoka [1978] has studied localization on the unit square. Recall that if X is a collection of integrable functions then a summability method T has the localization propertv for X if given any f E X which vanishes on an open set V, the double Walsh-Fourier series of f is uniformly summable (T) to zero on compact subsets of V. Tateoka of Menshov for trigonometric series is that given an a.e. finite-valued, measurable f and an E > 0 there exists a continuous function f which coincides with f off a set of measure less than E such that the Fourier series of f.converges uniformly on [0,2x] . Kotljar [1966] showed that this result is also true for Walsh-Fourierseries. Price [1969] gave a new Walsh proof of Menshov's theorem, utilizing the fact that the Walsh functions are characters of the dyadic group. This proof was adapted to Vilenkin groups of bounded type by Onneweer [1971c] .
Concerning whether adjustment can be made to improve the decay of Walsh-Fourier coefficients, Olevski" [1978] showed that there is an f E such that given any f E L which coincides with f on a set of positive measure, it is the case that Z la (f) p for all p < 2. n:O n In particular, a continuous function cannot be adjusted so that its Walsh-Fourier series is absolutely convergent. (Guliev [1979a] has also given a proof of this corollary to Olevskii's theorem.) Adjustments can be made which result in a.e. and L convergence. Indeed, Heladze [1977] has given an outline of a proof which establishes that given f E L Coury [1974b] Zotikov [1976] Morgenthaler [1957] showed this result also holds for lacunary Walsh series. Gapokin [1971] weakened the lacunary condition considerably and Miheev [1979] Morganthaler [1957] proved a central limit theorem for lacunary Walsh series.
The idea was that a lacunary Walsh series is close to being a Rademacheg series and thus might behave like independent identically distributed random variables. This approach was developed further in a series of papers in which central limit theorems, laws of iterated logarithm, and functional laws of the iterated logarithm were obtained (see FIdes [1972] , [1975] , Berkes [1974] , Takahashi [1975] , and Ohashi [1979] [1977/78] .
For a local, condition sufficient to conclude that a gap series is a Walsh polynomial see [1982] [1979] proved that the Walsh system and the bounded polygonals are equivalent bases in L p, < p < -. On the other hand, Young [1976b] showed that the trigonometric and Walsh systems are not equivalent bases in L p, p # 2.
Hence they will have different multipliers, and multipliers for the Walsh system should be investigated. Shirey [1973] examined the Walsh system as a quasi-basis, and proved that given any set E of positive measure, the quasi-basis for LP(E), < p < -, obtained by restricting the Walsh system to E, is a conditional quasi-basis.
II. Approximation by Walsh series. Skvorcov [1973b] Talaljan [1960] has shown that given any L p basis, p > I, and any measurable @ (finite or not) there is a series with respect to that basis which converges in measure to @. Thus to every measurable @ there corresponds at least one Walsh series which converges to @ in measure. This result does not hold if "in measure" is replaced by "a.e.". In fact, Talaljan and Arutunjan [1965] proved that there is no Walsh series W which satisfies W2m + on a set of positive measure, as m / .
Thus Walsh series cannot be used for a.e. approximation of general measurable functi ons.
It is natural to ask whether rearranged Walsh series or (C, I) partial sums of Walsh series can be used for a.e. approximation of measurable functions. The answer to the second question is yes, and there is strong evidence that the first question can also be answered in the affirmative. Saginjan [1979] showed that given any positive regular method T' of summability there exist Walsh series W Zk=lakwnk with {a k} E Z 2+E for E > 0 and Zk=l n < such that given any measurable there exists a subseries of W which is a.e. T' summable to @. Thus given a measurable @, there exist Walsh series which are a.e. (C, ) summable, > O, and a.e. Abel summable to @. And, Ovsepjan [1973] proved that there exists a Walsh series which has a rearrangement that diverges a.e. to +.
This question of divergence has been addressed for double Walsh series. Kemhadze [1969] (17) holds for a.e. x E E. In [1981] n-j m for fixed n, m > l, j l, 2 Concernj ing the (C, l) analogue of (17), aginjan [1974] proved that if S is a dyadic block rearrangement of a Walsh series, if o2n(x, S) converges, as n , to a finite-valued, measurable f on E and if
holds for a.e. x E. Contained in his proof is verification of the following "Tauberian" theorem. If limsuPn_ol2n(X S) < holds for all x E E, then S2n(X) converges a.e. on E, and liminf o2n(x, S) <_ lim S2n(X < limsup O2n(X, S) nnn holds for a.e. x E.
Concerning structure of sets on which Walsh series diverge, Lukaenko [1978] showed that given any , . set E there is a Walsh series W such that E {x" lim Wn(X) does not exist}.
n-x
He also proved that this result does not necessarily hold if "'-set" is replaced by "--set."
For every f ( L p, _< p < , let E p)(f) denote the infimum of the expression I I f-.-akWkll p as {a k} take on all real values, for n l, 2,... Golubov [1972] 
hold for n >I,. and f E L p. (See Golubov [1970] , p. 719, for ramifications).
Siddiqi [1971] proved that given a quasi-convex sequence {ak}, Z kY-B/qlo--'n(-l/k, f)I < k=l Ladhawala [1976] showed that (18) some @ of bounded mean oscillation. Chao [1981] has obtained these results for
Vilenkin groups of bounded type. In addition, Quek and Yap [1980] have shown that [1975] have several estimates of the tails of (18) Horoko [1972] Bokarev [1970] (21) m:p where R m Z{lak(f) ak+l(f) I" 2m< k < 2m+l-l}, then f is constant. It follows that no non-constant, continuous f whose Walsh-Fourier coefficients are monotone 2na2n(f) / O, as n / . The author [1983] [1981] The author [1979b] 
Butzer and Wagner [1972] also defined a derivative which yields (22) (24) k:l 0 Butzer and Wagner [1973] [1976] .
Butzer and Wagner [1975] also obtained a closed form for the "dyadic integral" operator (24). [1973] confirmed the connection between differentiability and Lipschitz spaces by showing that any f E Lip (, X) for > has a strong dyadic derivative Df E X, and, moreover, any function f with a strong dyadic derivative Df E X necessarily belongs to Lip (B, X) for 0 < B < I. Ladhawala [1976] On the other hand, Penney [1976] has shown that not all strongly dyadically differentiable functions are continuous on the group. In fact, Ladhawala [1976] proved that if Df exists in L then the best one can say is that f E BMO; f may not even be bounded.
Several authors have considered generalizations of the dyadic derivative to objects other than functions defined on [O,l] with dyadic structure. PI [1975] defined Df on the dyadic field, i.e., for functions f E Ll(o, ) and showed that the "Walsh transform" J (.see Fine [1950] ) interacts with D as it should: namely, if Df exists then F(_Df)(y) y(y) and D(f)(x) (xf(x)) if xf(x) E L (0, ). In [1977] he constructed an indefinite integral for D and proved a fundamental theorem of calculus in this setting.
Onneweer [1977] introduced a Vilenkin group analogue of the dyadic derivative,
showing that the characters of the Vilenkin group are the eigenfunctions of the induced differential operator and argued that the Butzer-Wagner characterization (26), (27) , and (28) carries over without extra work to this setting. Pal and Simon [1977b] proved a fundamental theorem of calculus for Onneweer's derivative. We shall call this derivative "dyadic" below.
From the beginning, it has bothered some that the definition of the dyadic THEORY OF WALSH SERIES 655 derivative depends on the ordering of the characters. Onneweer [1978b] [1975] , who identified a large class of functions on which the pointwise dyadic derivative and the strong dyadic derivative agree a.e.
Skvorcov and the author [1979] observed that anytime f(x) exists, the classical Dini derivatives of f satisfy D+f( (25)). PI and Simon [1977b] obtained this same result for the dyadic derivative on Vilenkin groups of bounded type. Schipp [1976b] extended his [1974] Onneweer [1977] on some open subset of G, then that series is actually a polynomial (see also [1982] by the author). Thus the non-local property of the dyadic derivative is extreme.
16. Term by term dyadi.c differentiation. Butzer and Wagner [1975] were first to examine conditions under which a Walsh series ZakWk represents a dyadically differentiable function f which satisfies f(x) Z kakWk(X). Butzer and Wagner [1975] showed that (30) Powell and the author [1981] showed that (30) holds for any x which satisfies Z kakWk (x) < k=l for some > l, and that (30) [1971] proved that if the coefficients of a Walsh-Kaczmarcz series S are convex and decrease monotonically to zero, then S is the Walsh-Kaczmarcz-Fourier series of some function in Ll. Yano [1951a] had obtained this same result for Walsh-Paley series with "quasiconvex" replacing "convex". Coury [1974a] showed that quasi-convexity is essential to this result. Indeed he constructed a Walsh series with monotonically decreasing coefficients which converges to a non-integrable function and is not a Walsh-Fourier series.
In the trigonometric case, a series with convex coefficients which decrease monotonically to zero converges to a non-negative function. Coury [1974a] Siddiqi [1971] Sneider [1949] showed that any countable subset of [0,I] is a L)-set and that the Cantor set formed by removing middle halves is a LJ-set. He also showed that any U-set has Lebesgue measure zero, but not all sets of Lebesgue measure zero are U-sets. Coury [1970] , [1975] found a class of sets of Lebesgue measure zero which are dense in [0,I] but are not L3-sets. Skvorcov [1977b] proved that given any Yoneda [1982] proved that every closed subgroup of the dyadic group of Haar measure zero is a L-set. It follows that a large class of Cantor-like sets in the dyadic group are U-sets.
Lippman and the author [1980] carried the Pyatetskii-Shapiro structure theorem over to the group 2m. They showed that any closed -set in the dyadic group is a countable union of elementary L)-sets. An elementary L-set E is one for which there exists a sequence of functions fl' f2 whose Walsh-Fourier series are absolutely convergent and vanish on E, which converges to in the weak * topology (i.e.,
given any pseudo-function A, A(f n I) / O, as n / ). The author [1971] had earlier shown that a countable union of closed L-sets is again a L]-set. It is not known whether the condition "closed" can be relaxed in either of these results.
A set E c 2 m is said to be a L-set for a class of Walsh series, if the hypothesis W E , with W2n(x) 0 as n for x E, implies that W is the zero series.
Clearly, every L-set for is a L-set. Crittenden and Shapiro [1965] proved that a Borel set E is a LI-set for the class of Walsh series which satisfy 
n-
